Partial

differentiation

Learning outcomes

When you have completed this Programme you will be able to:

Derive the expression for a small increment in an expression of two
real variables using Taylor’s theorem

Apply the notion of small increments in expressions in two and
three real variables to a variety of problems

Determine the rate of change with respect to time of an expression
involving two or three real variables

o Differentiate implicit functions
e Determine first and second derivatives involving change of

variables in expressions of two real variables

Use the Jacobian to obtain the derivatives of inverse functions of
two real variables

Locate and identify maxima, minima and saddle points of
functions of two real variables

Solve problems where the independent variables are constrained by

using the method of Lagrange undetermined multipliers for
functions of two and three real variables

Pre}equiSife' Engi’nem‘hg Mathematics ‘(Fiﬂ'h Edition)
Programmes 9 Differentiation applications 2, 10 Partlal
differentiation 1 and 11 Partial differentiation 2
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Partial differentiation 371

Small increments

Taylor's theorem for one independent variable

Taylor’s theorem expands f(x + k) in terms of f(x), powers of i and
successive derivatives of f(x), and can be stated as
n? "
flx+h) =) +hf'(x) +5"(x) + ...—l-ﬁf(")(x) ...

where f®(x) denotes the nth derivative of f(x). You will also, no
doubt, remember that, by putting x = 0 in the result and then letting
h = x, we obtain Maclaurin’s series

2 n
f(h) =£(0) + hf'(0) +%f”(0) +... +%f‘")(0) +...

Taylor's theorem for two independent variables

If we consider z = f(x, y) where z is a function of two independent
variables x and y, then, in general, increases in x and y will produce a
combined increase in z.

So,ifz=f(x,y) then z+éz=f(x+h, y+k)

Q (x+h, y+k)

Y
‘ h = increase in x
k = increase in y.
P
x y)lL h R (x+h,y)
o X
n?
For R: f(x+h,y) =f( ) +hfx(x, y) + 5 fux% ¥) + .. (1)

where fx(x, y) denotes 3% f(x, ¥); fu(x, y) denotes % f(x, y) etc.
From R to Q:  (x+ h) is constant; y changes to (y + k)

k2
S fekh y k) = f(Hh ) KGR, Y) + Sy B y) + o (2)

To express (2) in terms of f(x, y) we can substitute result (1) for the
first term f(x + h, y) and similar expressions which we shall obtain for
(x+h,y), fyx+h, y)andsoon.

If we differentiate (1) with respect to y, we have
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5@+nw=ﬁ@w+mwxw+§MMJ“*'

If we now differentiate this result again with respect to y

2
fy(X+ 1Y) =Fry(x,¥) + By (X, ) + %fyy""(x’y) tee

Then our previous expansion (2), i.e.

2
f(x+hy+k) =f(x+h,y)+kﬁ,(x+h,y)+%fyy(x+h,y)+...

now becomes
2
f@+hy+©=f@y%HmaJo+%ﬁA&w+“.
2
{00+ W)+ )+

2 2
+%{f}’}'(xl y) +hfyyx(x’ y) +%fmx(x, y)+ }
+...

Rearranging the terms by collecting together all the first derivatives,
and then all the second derivatives, and so on, we get

FX+h y+k)=...........

Fo+hy+K) =F(0,7) + {hh(xp) + Ky (x,9)}
4 g (P Fal0,9) + 20Kfoy () + Ry ()} + .

This is Taylot’s theorem for two independent variables.
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Small increments
If z=f(x, y), h = 6x, k = 6y, then Taylor's theorem can be written as
0z 0%z 0%z 8%z
§7 = 29 4 2
zZ+6z {ha +kﬁy} Z'{h 0x2+ hkﬁyo”*x +k }+
Subtracting z from each side:

8z 0z &z Z
62 = 3% ay5V+ {a (50" + 255 (x o) + Z(’W}Jr

Since §x and §y are small, the expression in the brackets is of the next
order of smallness and can be discarded for our purposes. Therefore,
we arrive at the result

oz 1074
If z=f(x,y) then 6z= 5)25)‘ +—5y—5y
As already explained above, this result is, in fact, an approximation
since the smaller terms in the series have been neglected. For practical
purposes, however, the result can be used as stated. Be sure to make
a note of the result, for it is the foundation of much that
follows.

0z 0z
z=f(x, y); 5Z=a5x+55y

The following diagram illustrates the result.

T
z y -
L
oz
3 _8z5, 0z
3y | o fAm Sz_ax8x+ay8y
e /
)‘::: ______ - Q ___
S //
7 i N dy
a—zax
P 4 o ox
(x, Y)/L 5x //R
(o] X

9z is the slope of PN .. RN= %6)( =QM

ox ox
0z oz
— is the slope of PL .. SL=—6y =MT
dy P v
. _ 0z 0z
Qr=QM+MT .. 6z—ax6x+ay6y

This is the total increment of z = f(x, y) from P to Q.
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It is worth noting at this stage that the result can be extended to the
case of three independent variables, i.e. if u=f(x, y, z)

ou ou ou

u _56:( +3?6y+&

One or two straightforward applications will lay the foundations for
future development.

bz

Example

A rectangular box has sides measured as 30 mm, 40 mm and 60 mm. If
these measurements are liable to be in error by £0-5 mm, +0-8 mm
and +1-0 mm respectively, calculate the length of the diagonal of the
box and the maximum possible error in the result.

First build up an expression for
the diagonal d in terms of the 4’
sides, a, b and c. . > c

d=+va?+b2+c?

Because
P=a® +AC’=a?>+ P> +c*and so d = Va® + b2 + c2
od od od
Then 6d_%6a+%6b+5?6c

We now determine the partial differential coefficients and obtain an
expression for éd, but all in terms of 4, b and c. Do not yet insert
numerical values.

bd=............

6d {abda + béb + céc}

1
V@it

Now, substituting the values a = 30, b = 40, c = 60
6a==+035, 6b==+08, éc=+1-0

the calculated length of the diagonal =............

the maximum possible error =............
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diagonal = v a? + b2 4 c2 = 78-10 mm

maximum error = +1-37 mm

Because

1
78-10
Greatest error when the signs are the same

6d = {30( 0-5) + 40(+0-8) -+ 60( 1-0)}

. _ 1 1.
" 8d = zg=s{+(15+32+ 60)} = £1:37 mm

Rates of change

If z = f(x,y), then we have seen that 6z = 92 sy + %‘5}’
ox oy
- bz _onix oaoy
Dividing through by 6t: = =- — dy ot
Then if 6t — O: R

dt ~oxdt Toydt
Note the result. Then on to an example.

Example

The base radius r of a right circular cone is increasing at the rate of
1-5 mm/s while the perpendicular height is decreasing at 6-0 mm/s.
Determine the rate at which the volume V is changing when
r=12mm and h = 24 mm.

Find an expression for c;—‘t/ in terms of r and h whichis ............
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dv _ 2arh dr ar? dh

ar - 3 a3 ar

1 dv oV dr oV dh
V=3l = a T on d&
h oV 2xh, 8V _ar

or 3 ' ohn 3
. AV _2wh dr mr? dh
4 at . 3 a3 ar

==

Finally, we insert the numerical values:

r=12; h=24; g—: =15 % = —6-0 (his decreasing)
dv

dt
i 2887 — 2887 =0

‘. At the instant when r = 12 mm and & = 24 mm,
the volume is unchanging.

Implicit functions

The same initial result, §z = —Z—i&x +%;-5y enables us to determine the
derivative of an implicit function f(x, y) =0, i.e. in a case where y is
not defined explicitly in terms of x.
If f(x, y) = 0 is an implicit function, we let z = f(x, y).
0z 0z

Then, as before: 6z = 56)‘ + 3 oy

. . 6z 0z 0z by
Dividing through by éx: wom T 3y o

. dz 0z 0z dy
Then, if éx — O: a_a+6_yd_x-

_ . 0z 0z dy
=0 Cmtey
.Yy _(oz oz
Tdx \ox/ oy

g8

Butz=0

So, if 2 —xy —y2 =0, o
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dy 2x-y
dx  x+2y
Putting z = xZ — xy — )?, g—;:Zx—y and g—;:—x—Zy

The rest follows immediately.
Now on to the next frame

The work so far, important though it is, is largely by way of revision of
the more basic ideas of partial differentiation. We now extend these
same ideas to further applications.

Change of variables

If z=f(x,y) and x and y are themselves functions of two new
independent variables, u and v, then we need expressions for
9z and 9z
ou o

Yet again, we start from the result we established at the beginning of
this Programme.

0z 0z
Ifz=f(x,y) then 6z—5i5x+5)75y

Dividing in turn by éu and év:

b_oz x on by
Su_ Ox bu 8y bu
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Example 1

Ifz=x%>—y?>and x =rcosf and y =rsiné, then
0z 0z Oox 0z Oy

or  ox or oy or

0z 0z Ox 0z Oy

96 ox 00 oy 90

We now need the various partial derivatives

and

9z _ . O _ ¥ _
P AnERRRRPRRRREE PGy T PGy e
0z _ o _ % _
By S oggT e S opgT
0z ox oy .
‘a—x— ZX, '57"— COSO, E—SIHG
0z ox . ay
—— = _2 . —_—— - - —_— =
By Y; 20 rsin g, 20 rcosé
Substituting in the two equations and simplifying:
o _ L o7 _
Gy e SoggT e

0z ., 0z .
E—ZXCOSH—Z)/SIHH, 0= (2xr sin 6 4 2yr cos 6)

Finally, we can express x and y in terms of r and 6 as given, so that,
after tidying up, we obtain

0z 9 .o, 0z .
7 = 2r (cos” 6 —sin”6); 55_—412s1n0c050

Of course, we could express these as

oz 0z .
5= 2rcos2f and 5= —2r2sin 20

From these results, we can, if necessary, find the second partial
derivatives in the normal manner.

8z 0 (9z\ 8
52 = 5r (5> =% (2rcos 20) = 2cos 26
Pz 0%z

Similarly
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%z 5 &z .
= —41% cos 26; 590 = —4rsin 20
Because
Pz _0 (92 0 (—2r? sin 26) = —47% cos 20
062~ 90 \06) — 66 B
&z 9 [0z 0 5 . .
and 5700 = or <%) = (—2r°sin 20) = —4rsin 26
Example 2

If z=f(x, y) and x = } (u® — v?) and y = uv, show that
u%_vg—z x%_ .a_z_
v Vou “\*oy Vax

Although this is much the same as the previous example, there is, at
least, one difference. In this case, we are not told the precise nature of
f(x, ). We must remember that z is a function of x and y and,
therefore, of u and v. With that in mind, we set off with the usual two

equations.

0 _0z ox 01 0y
ou~ 0x Ou' 9y Ou
0:_0z 0x oz oy
ov_ 0x Ov By v

From the given information:

ox _ oy _
FAnRRRTPRRIELES P opm
Ox dy
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ox ooy
i ikt
ox Oy
v w
0z
Whereupon p-»RaRRLCIISRRRLE
oz _
Gy =
or_ 0z 0
ou ox Oy
ov ox oy

If we now multiply the first of these by (—v) and the second by u and
add the two equations, we get the desired result.

VLS 1o

ou o oy

udZ u 2% 4 12 92

o ox dy
. 0z 0z 0z 5, 5.0z
Adding uE—vgl—t——Zuva+(u -V )5

0z 0z

——Zya‘i‘ZX@

u%—v?f—z xg— oz

v Vau “\*ay Vax

With the same given data, i.e.

z=f(x,y) with x=%(uz—vz) and y = uy

0%z 9%z 0%z &z
we can now show that W+5v_z-_ (u +v2)<ﬁ+3?)'

In determining the second partial derivatives, keep in mind that z is a

function of # and v and that both of these variables also occur in %}Zz

0z
and —.
oy

8%z

ou?
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iz.—%_'_ Zaz+2 &z Ly 2622
o ox ox2 Bxay 82

Because
0 o} 0 0 o} 0
@z( 8x+v8y) and 5:( 8x+u8y)
82z 8 ( 0z 8z\ 8z O[Oz 8 (6z
e (ate) o) ()

oz (0 8)82 (a a>az
=—+u +v +v +v

ox ox " 9y)ox ox " oy) oy
= az+u2&+uvﬂ+wa_2z+ 202
Ox ox2 oxdy Oxdy a2
Pz 0z, ,0% 0z | ,0%z

+u —+Zuv—+v (1)

CaE ox V oxe axay Va2

Likewise Oz_0(02)_0( %-I— oz
ToveT av\av)  ov

&z _ oz 282 o %z +u2822
2 ax ax2 axay ' 9y?

Because
@z_0( 0z 02\ _ 0z 0 (02\, 0 (0
v v ox ' Toy)  ox ov\ox ov \dy

—%—v —vﬂJru2 %Jru —va+ua oz
T ox ax ' Tay) ox ox " “ay)oy

__a_ng@_uvazz 67'Z+ 2072
C Ox ox2 oxdy 8x8y ay?
8%z 0z ,0%z ?z 0%z
T amt e Moyt e @)
Adding together results (1) and (2), we get
%z Pz Pz %z — 24 8 z 9z

and that is it.
Now, for something slightly different, move on to the next frame
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Inverse functions

If z=f(x, y) and x and y are functions of two independent variables u
and v defined by u = g(x, y) and v = h(x, y), we can theoretically solve
these two equations to obtain x and y in terms of u and v. Hence we

. Ox Ox Oy Oy oz 0z .
can determine o o’ By and then ™ and as required.
In practice, however, the solution of u = g(x, y) and v = h(x, y) may
well be difficult or even impossible by normal means. The following

example shows how we can get over this difficulty.

Example 1
If z=f(x,y) and u=e*cosy and v=e¢e* sin y, we have to find
Ox ox dy by
ou' ov’ ou' v’
We start off once again with our standard relationships
ou ou
6u—56x+56y 1)
ov ov
6v_§6x+56y 2)
Now u=e¢*cosy and v =e *siny
So ou _ L
B PGy T
v _ v _
B ; gy
Ou Ou .
6—x—e"cosy, 5——e"smy
»_ —e~*siny; o _ e*cos
ax - yl ay - y

Substituting in equations (1) and (2) above, we have
bu = e*cosy éx — e*siny by 3)
6v=—e*siny 6x + e *cosy 6y (4)
Eliminating 6y from (3) and (4), we get
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—x :
_e cosy6u+e"smy6v
cos2y cos 2y

Because
(3) x e*cosy: e*cosybéu = cos’y x — sinycosy 6y
(4) x e*siny: & siny §v = —sin?y 6x + siny cosy 8y
Adding: e *cosy §u+ €*siny §v = (cos?y — sin?y) 6x

—x ;
_¢ cosy6u e"smy6v
cos 2y cos 2y

ox Ox
But 6x—£6u+a6v
Ox e *cosy Ox éesiny

Cou” coszy M BT coszy

which are, of course, two of the expressions we have to find.
Starting again with equations (3) and (4), we can obtain

()
_e*siny e*cosy
=" 2y U+ s 2y 4
Because
(3) x e*siny: e *siny éu = sinycosy 6x — sin?y &y
(4) x é¥cosy: e*cosy 6v = —sinycosy 6x + cos® y 6y

Adding: e *siny §u+ e* cosy 6v = (cos® y — sin?y) &y
% o
_ersiny e"cosyav
cos 2y cos 2y

But, fy=............ Finish it off.
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oy =%6u+%6v

8y e*siny d dy e cosy

- Ou  cos2y ov  cos2y

So, collecting our four results together:
Ox e*cosy Ox é€siny

du  cos2y ' v cos2y

dy _esiny Oy e*cosy
ou cos2y’ O8v cos2y

We can tackle most similar problems in the same way, but it is more
efficient to investigate a general case and to streamline the results. Let
us do that.

General case
If z=f(x, y) with u = g(x, y) and v = h(x, y), then we have

ou Ou
6u—a6x+56y (1)
ov ov
6v:56x+56y (2)
We now solve these for 6x and dy. Eliminating §y, we have
ov ov ov du 6v 8u
1) x —: —bfu= 6
R ™ "oy oy ™
ou ou ou 6v ou BV
2y x —: — 6V =— —5x+
@ o™ oy o oy oy
v ou ou dv  Ov ou
Subtracting: UV = — .
ubtracting 6}/6” ay&v <8x ay  ox ay)a
ov ou
—o6u——6v
ox = oy %
Ou bv _ov ou
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ou ov
a(sv—aﬁu
oy =
ou dv_ov ou
Ox 0y 0ox Oy
The two results so far are therefore
O su— sy ouc, v
=Y O and oy =, 0% _ 0OX

u ov_0ov ou Ou ov_dv ou
ox dy Ox oy Ox 9y Ox 0Oy

You will notice that the denominator is the same in each case and that
it can be expressed in determinant form
ou oy
ou ov_dv ou_|ox Bx
ox' Oy ox' oy |ou v
dy oy
This determinant is called the Jacobian of u, v with respect to x, y and is
denoted by the symbol J:

ou ov

ie. J= gz gﬁ and is often written as ggj’;;

oy oy
ou v
o(u,v
o J= 6Ex,y; N g g
oy oy
Our last two results can therefore be written
X=............ ; Y=
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ou 6v é_)g ov

v ou ou v ou av ox ox
—bu——6v |\ — — ey 2L

" oy ayl o m™ e™ e &

B J ou ovi’ J ou ov

ox ox ox ox

ou ov ou v

o oy oy 9y

We can now get a number of useful relationships.

(@ If vis kept constant, v =0 Cox = @&l J

Dividing by éu and letting éu — 0 au 6y / J

Similarly au / ]
(b)  If uis kept constant, fu =0 cobx = _a_ygv ]
Dividing by év and letting év — 0 % = [

Similarly ay ou / T

So, at this stage, we had better summarise the results.

Summary
Ifz=f(x,y) and u=g(x,y) and v=h(x,y) then

Enr S=-2)
» // _ 3"/1

where, in each case

ou oy

J= ou,v) |0x 0Ox

S O(xy) |ou ov

9 oy

Let us put this into practice by doing again the same example that

we started with (Example 1 on page 382), but by the new method. First

of all, however, make a note of the important summary listed above
for future reference.
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Example 1A
Ifz=f(x,y) and u=e*cosy and v=e *siny, find the derivatives
ox Ox Oy oy
du' ov’ o’ v
u =e*cosy v=e*siny
ov s
a—_e"cosy gy = € siny
ou . o,
8—_—e"smy B_y_e cosy
ou ov
. du,v) |ox x| | €cosy —esiny
d(x,y) |8u Ov| | —e*siny e *cosy
9
= (e*cosy)(e*cosy) — (—€*siny)(—e*siny)
= cos?y siny = cos2y
Ox e*cosy . ox  Ou [ _e'siny
Then = 6y/l cos2y ' 2 8y/]_c032y
gy ov [ _e*siny Oy  ou ]_e"cosy
ou_ ox/’ coszy’ B "~ cos2y

which is a lot shorter than our first approach.

Move on for a further example

Example 2

If z=f(x,y) with u=x%>—-y? and v =2xy, find expressions for ox

ou
ox oy Oy
ov' ou' ov’
First we need
ou _ ou_ v _ v _
VA RRRPRRRRLE gy T i aaREETPPRRRRLy Py
%—ZX‘ %——2' »_y @—x
A= T T mTY 5T

Then we calculate J which, in this case, is
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J =20+
Because
ou ov
du,v) |ox ox 2x Y‘ 2 2
T=oam "o v|T gy £ T
9
Finally, we have the four relationships
x_ /[ _ Lo o)
u= oy T DT gy T
__ v/ Ly
5 3/ = F By 3/ =
™ __x . ox_ y
ou 2(x2+y?) v x2+y?
oy__ v . y_ X
ou 2(x2+y?) ov x2+y?

And that is all there is to it.
If we know the details of the function z = f(x,y) then we can go one

Ox Ox Oy Oy . 0z 0z
ou’ v’ %, 6—1/ to find a and 5

Let us see this in a further example.

stage further and use the results

Example 3

Ifz=2x>+3xy+4y?> and u=x*>+y?> and v=x+ 2y, determine
Ox O0x 08y Oy 0z 0z

(a) %’ v’ 9u’ By () u and "

Section (a) is just like the previous example. Complete that on
your own.
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ox_ 1 . ox_ -y Oy -1 . % X
ou 2x—y' v 2x—y' ou 22x-y) 0Ov 2x-y

Because if u=x2+y?> and v=x+2y

ou ou ov ov

ou ov

ou,v) |ox ox

0| o
oy

I:

i 2(2x — y)
2 2 y y

1
Then a= ay/]- 2/ (2x—y)= %y

%— a”/l——ZV/Z(Zx y) =

___/;_ —1/2(2x V= z(2x1 »)

ou
O _ ou /[ _ =
wo /]_ Zx/Z(Zx y)—zx_y

cox_ 1 ox_ -y oy -1 Oy
“Pu 2x—y Ov 2x-y ou 202x-y) v 2x—y
Now for part (b).

Since z is also a function of u and v, the expressions for % and gvz— are

0z 0z Ox 0z Oy
ou—ox ou ' ay ou
0z 0z Ox 0z Oy
v _ox ov oy oy

The only remaining items of information we need are the expressions

for 2 and % which we obtain from z = 242 + 3xy + 452

ox "y
0z 1974

Using these and the previous set of derivatives, we now get
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0z _ Sx-2y 9z _3x+4xy—3)°
ou 2(2x-y) ov 2x —y

Because

0z _0z bx 0z Oy
ou 0x Oou 8y Ou

. 0z 1 -1
’ 5ﬁ_(4x+3y){2x—y}+(3x+8"){2(2x—y)}
_ Sx-2y . 0z Sx—-2y
T 2(2x—y) ou 2(2x—y)
0z 0z ox 9z Oy
and =% v oy av
. 0z -y X
c 5_(4x+3y){2x—y}+(3x+8)’){2x—y}
_ 3x2 4 4xy — 3)?

. Q_E’»xz+4xy—3y2
2x—y oy 2x -y
They are all done in the same general way.

Now on to the next topic

Stationary values of a function

You will doubtless remember that in earlier work you established the
characteristics of stationary points on a plane curve and derived the
conditions that enable these critical points to be calculated.

y

/

(6]
At A and B % =0
d’y
For maximum Tz is negative (x = x;)
2
For minimum dy

2 is positive (x = xp)
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We now progress to the application of these same considerations to
three dimensions, where z = f(x, y). The function is now represented
by a surface and stationary values of the function z = f(x, y) occur
when the tangent plane to the surface at a point P (g, b) is parallel to
the plane z =0, i.e. to the x-y plane.

Let us take a closer look at this.

Maximum and minimum values

AN
//
/
\
\
\

S~ — e ——

A function z =f(x, y) is said to have maximum value at P (a, b) if
f(a, b) is greater than the value at a near-by point Q (a + h, b + k) for
all values of h and k however small, positive or negative, i.e. in all
directions from P.

A

Similarly, z = f(x, y) is said to have a minimum value at P (a, b) if
f(a, b) is less than the value at a neighbouring point Q (a + h, b+ k) in
any direction from P.

To establish maximum and minimum values, we must therefore
investigate the sign of the value of f(a + h, b+ k) — f(a, b).

If f(a+h, b+k)—f(a, b) <0 we have a maximum value at P (q, b).
If f(a+h, b+Kk)—f(a, b) >0 we have a minimum value at P (g, b).
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To pursue this further we turn to the total differential

arey) =L ax+ I o

The total dlfferentlal measures the rise or fall in the tangent plane
from the point of its contact with the surface at (x, y) to the point

(x +dx, y +dy).
tangent plane
tangential
atP
df
P dx dy
y

surface f(x, y)

If the point of contact is a maximum or a minimum then

of of

F A IITIILIENES and Ty
of of
i 0 and —=0

Because

The tangent plane is parallel with the x—y plane and so the tangent
plane neither rises nor falls, so that

df(x, y)=%dx+§§dy=0

Also because dx # 0 and dy # 0 then 6f =0and — of =0.

9y
Notice the logic here. If there is a maximum or a minimum, then
o _ =0and - o = 0. However, just because —- o _ =0and - o =0 at a point
ox ! ox By

does not imply that a maximum or a minimum exists at that point.
What we can say is that a stationary point exists at that point and, as
we shall see later, not all stationary points are maxima or minima.

Example 1

Determine the values of x and y at which the stationary values of
f, ) =x*+xp+y*+5x—5y+3

occur.

f

-—— and
X

of
%

equate each to zero and then solve the pair of simultaneous equations
so obtained. In which case
X= ... and y=............

All we need to do is to obtain expressions for
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x=-5 and y=S

Because
of of .. . .
i 2x+y+5and ay =x+ 2y — 5 giving the pair of simultaneous
equations
2x+y+5=0 (1)
X+2y—-5=0 (2)

Adding (1) + (2) gives 3x+ 3y =0, thatisy = —

Substitution in (1) givesx=—-5andsoy =35
Although a stationary value occurs at (-5, 5) we have no evidence as
to whether it is a maximum or a minimum value. Let us investigate
further.

From the previous definitions

f(a, b) will be a maximum value if f(a+ h, b+ k) —f(a, b) <0

f(a, b) will be a minimum value if f(a+h, b+ k) —f(a, b) >0

Now, from Taylor’s theorem
fla+h b+k)=f(a, b)+haf 6y
*f *f o*f
(hz 5+ 2hk o o ay+k23y2)
of

and we have already seen that at a stationary value e 0 and -g—l;- =0.

So, at a stationary point, Taylor's theorem becomes
2O o O 2 ®F
fa+h b+k)—f(a, b)= ( £ 2+2hk(9 6y+k 6y2>+
where subsequent terms are of higher orders of h and k and are

neglected.
The expression in the brackets on the right-hand side can be written

as
Pf . O Pr of [P
ﬁ{(k 8x2+k6x8y) e (8x2 32 [8x6y] )}
Ox2

Take a moment and expand the brackets and confirm that this is so.
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i & 3
So hzax’;+2hka gy”zay’zc

- {(enii) o (G 55 )

Ox2

Now (h o +k—— £ gy) being a square, is always positive and if

8Zf 82f > f the second term will also be positive. In that case
oxZ 8y? ~ |oxdy \ )
the sign of the whole expression is given by that of g—— at the front.
52 2 2 2 2 2 2 2
PO (I PLOT PRV
ax2 py? Ox0y ox2 gy? ~ \oxdy

82
% 7; and aylzc have the same sign. Therefore,
*f .
2 and 6_)/7 are both negative
2f >f
ay%
So, to determine whether a known stationary value is a maximum or
*f
ox ax2’ ayz and

Furthermore, if —>
this can be so only if

for f(a,b) to be a maximum,

and for f(a,b) to be a minimum, and are both positive.

a minimum value, we must find the second derivatives —
*f
Ox0y’
Then
82f b2 f o*f
@ -3 2 32 \ gxov
0x? Oy Oxoy
or minimum value.
(b) In that case

2
> > 0, the stationary value is a true maximum

1 1f 82]" d Bzf i

1 an a2 are both negative, f(a, b) is a maximum
62]" o2 . . .

)] 1f and are both positive, f(a, b) is a minimum.

a2
Make a careful note of the conclusions (a) and (b): then let us apply
them.
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Example 2

Investigate further the stationary value of the function
z=x*+xp+y* +5x—Sy+3
We have already seen that this function has a stationary point at

x=-5, y=9§

. 8%z\ [z 8%z \* .
Next, we investigate the value of (W) (W) — (My) . If this is

greater than zero at (-5, 5), then either a maximum or a minimum
occurs at that point.
Check whether this is so.

822\ [Pz 2z \?
ves. (52) (32) ~ (3nap) >
Because

2 2

Fz_, Pz_, &z _

ox? ay? 0x0y

This confirms that (-5, 5) is either a maximum or a minimum.

To decide which it is, we note that QZ—Z and QZ—Z are both positive
! ax2 y? P ’
at (=5,5),zisa ............
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minimum

Of course to find the actual minimum value of z we substitute x = —5

and y =5 into the expression for z. That is really all there is to it.

Another example.

Example 3

Determine the stationary values, if any, of the function
z=x>—6xy+)°

The four steps in the routine are:

0z oz
@) Fmd ™ 2 and 5}/— 2 and solve the equations e 0 and 8_}/ =0.
8%z\ (0%z #z\>
(b) Determine whether ( )( Byz) (Wy) > 0.

(c) If so, note the sign of a7 72 o distinguish between max. and

min. 3Y

(d) Evaluate the maximum or minimum value of z.

In this example, stationary values occur at ............

z=0at (0,0) and z=-8at (2, 2)

Because
0z oz
— 3_ 3 * _— 2_ —_—— -
Z=Xx>—6xy+y " Px 3x“ — 6y 6x + 3y?
0z 0z .2
——ax—_Oand———O . x*—2y=0and —2x+y2——0

A possible stationary point exists when x2 — 2y = 0 and —2x + )2 =0
From the first equation y = x2/2 and substitution into —2x +y?> =0
gives —2x +x*/4 = 0.

That is x* - 8x =x(x* -8) =0 andso x=0or x = 2.
When x =0 then y = 0 and when x = 2 then y = 2.
*. There are stationary values at (0, 0) and (2, 2)

2 2 2
Next we determine whether (8 z) (gyZ> (6?:262;/ ) >0

Result ............
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No max. or min. at (0, 0); Either max. or min. at (2, 2)

Because
0z, . Pz
i 3x° — 6y . W—Gx Pz
0z &z ox8y
—=—6x +3 a5 =6
o v g

at (0, 0) (%) (%) - ( ggy) o (0)(0) — 36 <0

.. No max. or min. at (0, 0)

%2\ (0%z 2z \?
.. Either max. or min. at (2, 2)

We see that at (2, 2) both & and 8—25 are positive. Therefore the
’ axz ayz p *

stationary value at (2, 2)isa............

minimum

Finally, the minimum valueof zis ............

-8

Therefore, zmin = —8 and occurs at (2, 2)

Before doing a further example, let us consider one other aspect of
stationary values.
On to a new frame
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Saddle point
In the previous example, when we substituted the coordinates (0, 0) in

. %2\ (0%z 8%z \° -
the expression (5:7) ("E) - (873}) we found that this did not

satisfy the condition that for a maximum or minimum value

ox2 ) \ oy? oxdy
/4 0z
Infact,lfa_o and a—y_O

- (230 (£5) <

this is an indication of a form of stationary value described as a saddle
point, as shown at P below.

A saddle point is, in effect, a
combined maximum and mini-
mum configuration in different
directions. Its name is obvious
from the shape.

P(a,b)

Add this then to the list of conditions for stationary values that we
have built up.

At this stage, one naturally asks, what is implied if

(353 (25)"

In such a case, further detailed study of the function is necessary.
Now for an example to see it all in practice.

Example 4
Determine the stationary values of z = 5xy — 4x2 —y2 — 2x —y + 5.

Stationary values (or turning points) occur where

0z 0z

0, ieat............
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x=1, y=2
Because
oz oz
a—Sy—Sx—Z 5_5x—2y—1
8x—-5y+2=0

ivesx=1,y=2
5x—2y—1=o}g Y

Therefore, the only stationary value occurs at (1, 2).
Next we substitute these x and y values in

<Z_Z) (%ZZ) - (8_‘?%)2 and find ............

() (5) - () <

Because
2
Pr_ g Pz, Pz
x? ay? 0x0y

. (ZZ_XQ (%) - (g_;y) (-8)(-2)-25— 9 ie.<0

The stationary value at (1, 2) is thereforea ............

saddle point

Example 5
Determine stationary values of z = x3 — 3x + xy? and their nature.

We go through the same routine as before.

cw g g OZ 0z 0z 0z
First find o and 5 and solve i 0 and B_y =0.

Possible stationary values therefore occur at ............

399
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x=0,y=+V3; x=%1,y=0

Because

0z, 5 oz .o _
a—Sx -3+ ay—ny S.ox=0o0ry=0
Ifx=0, =3 o y=+/3 x=0,y=%V3

Ify=0, 3x*=3 . x==1 x=%1,y=0.

Now we need the second derivatives and the usual tests. Finish if off.
The nature of the stationary values:

(0, v/3) saddle point; (0, — v/3) saddle point

(1, 0) minimum; (=1, 0) maximum
Because
%z &z . &z
'8x—2=6x, szx, Wy—zy
Pz (0%z 8z \>

(W) (W) B (Wy)
(0, V3) (0)(0) — 12 i.e. <0 .. saddle point
0, —v3)  (0)(0)—12 i.e. <0 .. saddle point
(1, 0 6)2)— 0 i.e. >0 .. minimum
(-1, 0) (—6)(-2)-0 ie. >0 .. maximum

and that just about does everything.
Substitution of (1,0) and (-1, 0) in z=x3-3x+xy? gives the
minimum and maximum values of z.

Zmin = —2;  Zmax = 2.
The value of z at each of the saddle points is zero.

Let’s now look at some examples where the second derivative test fails

Example 6

Determine the stationary values of z = x2 — 6xy + 9y2.

Here we see that %:2}(—6)}, g—§=—6x+ 18y and so these two

derivatives vanish when
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y=x/3
Because
% = 2x — 6y = 0 when 2x = 6y, that is when y =x/3 and
0z

— = —6x+ 18y =0 when 6x = 18y, that is when y =x/3, and so

there is an infinity of stationary points lying along the line y = x/3.

Now
P2\ (P2\ _ (Fz)?_
a2 ) 52 axay) "
0
Because
8%z &z 8z
W = 2' W =18 and m = —6 so that

()5 (25) -0

So the second derivative test does not apply and we must look
elsewhere to decide the nature of the stationary points.

Since x2 — 6xy + 9y? = (x — 3y)? then z > 0 for all values of x and y.
Therefore the stationary points are minima — there is an infinity of
minimum points along the line y = x/3.
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Example 7

Find the stationary points of z = x* — y3.
0z 0z

Here we see that - = 4x3, = —3y% and so these two derivatives
vanish whenx=............ b Y = e
x=0, y=0
Because
o0z 0z

5=4x3=0whenx:Oand5;=—2yZ=Owheny=0, so there is

just one stationary point at (0, 0).
Now, at the stationary point

(Z2)(22) - (%): ............

0
Because
%z , 0%z %z
W = 12x°, '675 = —4y and m =0 so thatat (0, O)

%2\ (8’ 0%z \?>_ 0
(5%) (5%) - (o37) -
So the second derivative test does not apply. However, in the z-x plane
¥y =0 and so z = x*. This means that the line of intersection of the
surface with the z—x plane has a minimum at the origin. In the z-y

plane x = 0 and so z = —y3. This means that the line of intersection of
the surface with the z—y plane has a point of inflexion at the origin.
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Lagrange undetermined multipliers

Closely allied to the problem of locating the stationary points of some
function u = f(x, y) is the problem of locating points where u = f(x, y)
attains its greatest or its least value (an extremal value) subject to the
condition that x and y are related to each other via the equation

¢(x,y) =0 (1)

The problem can be clarified if we consider it graphically.

The graph of u = f(x, y) is a surface within the (x, y, u) coordinate
system. Selecting a plane parallel to the x-y plane on which the value
of u is constant, u, we see that the surface intersects the plane in a
curve given by the equation f(x, y) = u.

u Ar
% — ¥ -_——— _/-I
- ;
d Yk 4
% — >
22D L y
T —— T/
x
This line of intersection can now be y
projected onto the x-y plane to form \
what is known as a level curve. Different — T LU
values of u; determine different planes \___/_\\ us
(all parallel to the x-y plane), different —_ T J%
lines of intersection and hence different “
level curves. Accordingly, an alternative X

graphical description of u=f(x, y) is
that of a family of level curves in the x—y plane with each member of
the family being associated with a particular value of u, where we
assume that iy <y <uz <...<uporu; >uy>uz3>...> Uy,

We now superimpose onto this family of level curves the graph of
the constraint equation ¢(x, y) = 0.

Clearly, in the figure alongside, u3 is

the extremal value of f(x, y) that coin- \y1
cides with ¢(x, y) =0, and at the point - \
P where they meet they share the same g P o Un
tangent line dy/dx. Now, since _ y
#(x, y) = 0 we see that — >
S—]
b _ “
dx T s e s e s s s rsenn ¢(XI y) =0\ X




404 Programme 10

Q _ 6¢/ ox
dx — 9¢/dy
Because
_0%,, .08 dy __09/ox
d¢—6xdx+8ydy 0 so that &~ " 9/dy
The same tangent can be found from
af dx _orf I gy

5%
by equating the differential du = 0. Therefore
dy _ of/ox _  0¢/ox
dx— of/oy  09/dy
The latter two fractions are equivalent fractions which means that the

two numerators and the two denominators each differ by the same
multiplicative factor K, enabling us to say that

of 8¢ of ¢

i 0x and 3y =K~ ay

0f

ax =0 )

af
A= —K is called a Lagrange multiplier and equations (2) and (3),
coupled with the constraint equation ¢(x, y) =0, give us three
relationships from which the values of x and y at the extremal points
- and also the value of X if required - can be found. Quite often the
value of A is not important.

Let us see how it works in a simple example.

so that

Example 1

Find the stationary points of the function u = x% + y? subject to the
constraint x*+y%+2x—-2y+1=0.

In this case,  u=x2+)?
p=x>+y*+2x-2y+1
We need to know
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ou du 9¢ O¢
T =2% —=2 2 L=2y-2
B 2x; oy 2y; I =2x+ 3y y
Then we form and solve 6u+ ,\g%—o
8u ¢
—+A==0
gy oy
together with p=x>+y>+2x-2y+1=0
which gives X=..ioiin.s HID 2R T A=
x=—1:l:l/——§;y=1q:—‘/—§;)\:\/§_1
2 2
—+ 8¢ =0 .. 2x+A(2x+2)=0 .. x+Ax+1)=0
ox " “ox ’ o -
ou  0¢
=0 L 2p+A2x—2)=0 . y+Ay-1)=0
a5y Y+ X ) YAy -1)
x  =Ax+1)
L S=—"T———% L xy—x=xy+y ..y=-x
vy A1) y y+Yy y
Substituting this in ¢
X+x24+2x+2x+1=0 2x>+4x+1=0
V2
=17
Buty=-x ,',y:lq:\g
To find A, we have x + A\(x +1) =0 .. A=+v2F1

As we have already said, we do not really need to find the value of \.
On to the next

Functions with three independent variables
The argument is very much the same as before.

To find stationary points of the function wu=7f(x, y, z) 1)
subject to the constraint ¢(x, y, z) =0 (2)
Again we have, at stationary points

ou ou ou

£ —6x +8y6y+ —6z=0 3)
and since ¢(x,y,z) =

0. 0 . 0P

then Bx —ox+ ay6y+ —0z=0 4)

Multiplying each term in (4) by A and adding (4) to (3), we have
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(6”+A8¢>6 +( +>\a¢)6 +( "+A3¢) =0

ox 8y "oy 0z
. 0¢
from which = + A== = =0 (5)
6u O¢
i =E=0 6
a5y (6)
ou L 0p
EPRIA e 0 7)

Equations (5), (6), (7), together with the constraint (2), provide all the
information to determine x, y, z, and, if necessary, A.

Example 2

To find the stationary points of the function
u=x>+2y*+z
subject to the constraint ¢(x,z) = x> — 22 -2 =0.

s 2_ ou_ ou
ax— ............ ? ay— ............ ’ 5 ------------
9% _ 9 _ ¢
O i L S S
ou ou ou
il e G
9¢ 9% _ 9 _ _
w2 50 =%

ou 0 u 0p _ Ou 0

axt o= c’?y ay =0 +A% =0
and, together with the constraint ¢ =x% - 72 -2 =0, establish that
stationary points occur at ............

3,0,-} and (3,0, -}
Because
QL—I—FA@—O T 2x+22x=0 . A=-1
ox ox
ou O
—+/\ =0 4y+ X0 Soy=0
a5y Y+ A0) = y
ou _ 9¢ R |
EE-I-/\gZ——O 1-X2z=0 .. Z—ﬁ——'z

p=x>—72-2=0 . x®-1-2=0 . x==3

Therefore, stationary points at (3, 0, —3) and (-3, 0, —1).
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The method of Lagrange multipliers does not lend itself easily to
give a distinction between the various types of stationary points. In
many practical applications, however, whether a result is a maximum
or a minimum value will be apparent from the physical consideration
of the problem.

Let us finish with one further example.

So move on

Example 3

A hot water storage tank is a vertical cylinder
surmounted by a hemispherical top of the i
same diameter. The tank is designed to hold

400 m? of liquid. Determine the total height I
and the diameter of the tank if the surface heat | h

loss is to be a minimum. L
We first write down the function for the total =
i

surface area, A.

A =3mr? 4+ 2nrh

Because

The surface area of the hemisphere is 2772, the area of the base of the
tank is 772 and the area of the cylindrical side is 277h, giving a total
area of 3nr? + 2nrh.

This is the function which has to be a minimum. The constraint in this
problem is that ............

the volume is 400 m3

So we have
A = 3mr? + 2nrh (1)
constraint V =mr’h + %7"‘3 =400
So let ¢:1rr2h+§m3—40020 (2)
OA OA
We now want Br e BT e
9% _ . 99

B P T
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oA = 6nr + 27h; @ = 2nrh + 2a1?
or or
0A . _6_¢ 2
e 27r; o r
Now we form 3_A+ ,\@zo
or or
A  8p

2
and, with the constraint, ¢ = mr’h + §7rr3 — 400 =0,
we eventually obtainr=............ andh=............

Finish it off and hence find the total height and the diameter.

r=4243m; h=4243m

Check the working:
%+A%¢;=O . 6nr + 2nth + A(2arh + 27r%) = 0 3)
0A 1 0¢ . 2 _
?ﬁ+/\6h_0 S 2ar 4+ Anrt =0 (4)
From (4): A=— 2 Substitute this in (3)

6nr + th—%(Zﬂrh-i-Zﬂrz) =0

C.6r+2h—4h—4r=0 . h=r
Also 7rr2h+§7rr3=400 §m3=400 c.r=4-243

.. Total height=h+r =849 m; Diameter =849 m

That brings us to the end of this particular Programme and to the
usual Revision summary that follows. Check through the Can
You? checklist and be sure to revise any section should you feel that is
necessary. Then you will find the Test exercise straightforward — no
tricks. The Further problems provide valuable additional practice.
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% Revision summary 10
1 Small increments

oz oz
z=f(x,y) 6z—6—6x+—6y

ou ou ou
=f(x,y,z) 61«!’—_‘6;5)(4‘55}’4-&‘62

2 Rates of change
_ dz 0z dx 0z dy
2=f®Y) G- a o ar
3 Implicit functions

=fen) =0 F=—(5 /%)

4 Change of variables
z=f(x,y) xand y are functions of u and v
0z 0z Ox 0z 9y
Bu_ox ou' 9y ou
0z 0z 8x oz oy

v ox 8v 8y v
8§ Inverse functions
z=fxy) u=gxy) v=h@xy)

@25‘_"/,; ox_ _ /,
au* /I’ 5 8x/]
i4

o
_ a(u’ V) _ 6x 6x
where | = oy —|ou ov
gy oy
6 Stationary points
0z oz
Z_f(x7y) (a) a—o and a—-y_—_o
*z\ (32 8z \?2 )
(b) (@) (5?) ~ {5 ay) >0 for max. or min.
%z\ [(8%z 8%z \> )
(@) (W) - ( e ay) <0 for saddle point
(azz) (azz) (———622 )2 0 no decision
w2 ) \a2 )~ = isi
A Oxdy without further
information
© % and gz—yi— both negative for maximum
2
%‘; and g i both positive for minimum.

409

>
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7 Lagrange multipliers
Two independent variables
u = f(x,y) with constraint ¢(x,y) =0

Solve 5; -+ )\—6; =0
ou O¢
+A—=0
o oy
with é(x,y) =0.

Three independent variables
u = f(x,y,z) with constraint ¢(x,y,z) =0

du 9
- =0
Solve % + A %

with ¢(x,y,2) =0.

M4 Can You?

Checklist 10
Check this list before and after you try the end of Programme test.

On a scale of 1 to 5 how confident are you that Frames
you can:

o Derive the expression for a small increment in an
expression of two real variables using Taylor’s theorem?

Yes L] L] L] L] L] No

o Apply the notion of small increments in expressions in
two and three real variables to a variety of problems?

Yes L] ] L] ] Ul No

e Determine the rate of change with respect to time of an
expression involving two or three real variables?

Yes O O O 0O L] No

e Differentiate implicit functions?

Yes I I B I O No

e Determine first and second derivatives involving
change of variables in expressions of two real variables?

Yes [1 0O 0O 0O [0 No
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e Use the Jacobian to obtain the derivatives of inverse
functions of two real variables?

Yes ] ] Il L] L] No

e Locate and identify maxima, minima and saddle points
of functions of two real variables?

Yes 0O O O 0O OJ No

e Solve problems where the independent variables are
constrained by using the method of Lagrange
undetermined multipliers for functions of two and
three real variables?

Ye [J [0 0O OO [0 No

L,&°

Test exercise 10

1 Ifz= yy show that

@ o4y 5y =
622 0%z
2
® ¥ 52— 5
0%z 62 0z
oxoy ~ “ox 3y’
2 Two sides of a triangular plate are measured as 125 mm and 160 mm,
each to the nearest millimetre. The included angle is quoted as 60° + 1°.

Calculate the length of the remaining side and the maximum possible
error in the result.

=0

(©) z—

3 Ifz= (¥ —y*)"” and x is increasing at 3-5 m/s, determine at what rate
y must change in order that z shall be neither increasing nor decreasing
at the instant when x =5m and y =3 m.
4 1f2x%+4xy+3y2 =1, obt for ¥ ana &7,
x% + 4xy + 3y? obtain expressions or 5, and 75
5 Ifu=x%+y?and v = 4xy, determine
ox Oox 9y Oy
ou’ 8v' ou’ v’
6 Determine the position and nature of the stationary points of the
functions:
(@ z=2xy*+4xy* — 4> + 16y +5
(b) z=4—25x2 4 20xy — 4y°.
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7 A rectangular storage tank is to have a capacity of 1-0 m3. If the tank is
closed and the top is made of metal half as thick as the sides and base,
use Lagrange’s method of undetermined multipliers to determine the
dimensions of the tank for the total amount of metal used in its
construction to be a minimum.

8 Use Lagrange’s method of undetermined multipliers to obtain the
stationary values of u = x2 + y? + 72 subject to the constraint
6=3x—-2y+z—4.

Further problems 10

1 If z=2x* — 3y with u = x?siny and v = 2y cos x, determine expressions

0z Oz
for % and —" .
_ ox ox oy By
_ 3y _ Y
2 Ifu=2x%2+e¥ and v =2x+ ¥, determine — 31’ v’ 3u’

3 If z=f(x,y) where x = uv and y = u? — v?, show that

oz oz oz 0z
@ 2x— +Zy8y @4_1’5

1 74 1974
®) zay u2+v2{ %_Va_v}‘
4 IfV=f(x,y)and x=rcosf and y =rsin6, show that
PV 9’V 92V 19V 13*V
e e trar T
5 If z=cosh2xsin3y and u=e€*(1+)?) and v=2pe* determine

ox 0x 0Oy 9y 0 0z
expressions for — ' v’ ou’ By’ and hence fmd and o

6 1If z=f(u,v) where u =1(x% — y?) and v = xy, prove that
%z 0%z Pz 8z 8z oz
W*W—Z"(ﬂ 8v2)+4 v 2o

7 Locate the stationary points of the following functions. Determine the
nature of the points and calculate the critical function values.

@ z=y>+xy+x2+4y—4x+5
®) z=y>+xy+2x+3y+6
(©) z=3xy —6y> —3x> + 6y +6x+7.
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8

10

11

12

13

14

15

16

17

Find the stationary points of the function

z= (2 +y*) - 8(x* -y
and determine their nature.

Verify that the function z = (x+y— 1)/(x2 + 2y* + 2) has stationary
values at (2, 1) and (—%, —3}) and determine their nature.

Locate stationary points of the function
z = 4x% + 10xy + 4y* — x%y?
and determine their nature.

Find the stationary points of the following functions and determine
their nature.

(@) z=x(x® —3) +3y(x — 1) + 18y%(2y — 3)

®) z=2y - x>~ )2

Find the stationary points of the following functions and determine
their nature.

@@ z=@x-y)(x+xy+y?)
() z=6—x*+8xy — 16)>
(€) z=cos(x* +y?).

A metal channel is formed by turning up the sides of width x of a
rectangular sheet of metal through an angle 6. If the sheet is 200 mm
wide, determine the values of x and ¢ for which the cross-section of the
channel will be a maximum.

A container is in the form of a right circular cylinder of length / and
diameter d, with equal conical ends of the same diameter and height h.
If Vis the fixed volume of the container, find the dimensions I, h and d
for minimum surface area.

A solid consists of a cylinder of length ! and diameter d, surmounted at
one end by a cone of vertex angle 20 and base diameter 4, and at the
other end by a hemisphere of the same diameter. If the volume V of the
solid is 50 cm?, determine the dimensions I, d and ¢ so that the total
surface area shall be a minimum.

A rectangular solid of maximum volume is to be cut from a solid sphere
of radius r. Determine the dimensions of the solid so formed and its
volume.

Use Lagrange’s method of undetermined multipliers to obtain the
stationary values of the following functions u, subject in each case to
the constraint ¢.

@ u=x*%222 ¢=x2+y>+722-4=0

®) u=x2+y2 ¢=4x2+6xy+4y*=09.
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